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Abstract

The moment Lyapunov exponents of a two-dimensional system under bounded noise parametric
excitation are studied in this paper. The method of regular perturbation is applied to obtain weak noise
expansions of the moment Lyapunov exponent, Lyapunov exponent, and stability index in terms of the
small fluctuation parameter.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Loadings imposed on structures are quite often random forces, such as those arising from
earthquakes, wind and ocean waves, which can be described satisfactorily only in probabilistic
terms. Under the action of such loadings, the parameters that describe the motion of the structure
will fluctuate in a stochastic manner. The response of the structure is governed by stochastic
differential equations, in which the parameters or coefficients are stochastic processes.
Investigations of stability under parametric stochastic excitation have become increasingly
important.
The dynamic stability behaviour of the following dimensionless, parametrically excited, two-

dimensional system is of interest:

d2qðtÞ
dt2

þ 2b
dqðtÞ
dt

þ ½o2
0 � e0ZðtÞ�qðtÞ ¼ 0; ð1Þ

where t is the time variable, qðtÞ the generalized co-ordinate, b the damping constant, o0 the
circular natural frequency of the system, e0 > 0 a small fluctuation parameter, and ZðtÞ the
parametric noise process.
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The sample or almost-sure stability of the trivial solution of system (1) is determined by the
Lyapunov exponent, which characterizes the average exponential rate of growth of the solutions
of system (1) for t large, defined as

lqðtÞ ¼ lim
t-N

1

t
logjjqðtÞjj; ð2Þ

where qðtÞ ¼ fqðtÞ; q0ðtÞgT and jj � jj denotes the Euclidean vector norm. Depending on the initial
conditions qð0Þ and q0ð0Þ; there are two Lyapunov exponents for system (1). The trivial solution of
system (1) is stable with probability one if the top Lyapunov exponent is negative, whereas it is
unstable with probability one if the top Lyapunov exponent is positive.
On the other hand, the stability of the pth moment, for any real values of p; of the trivial

solution of system (1), E½jjqðtÞjjp�; is determined by the moment Lyapunov exponent

LqðtÞðpÞ ¼ lim
t-N

1

t
log E½jjqðtÞjjp�; ð3Þ

where E½�� denotes expected value. If LqðtÞð pÞo0; then E½jjqðtÞjjp�-0 as t-N:
The pth moment Lyapunov exponent LqðtÞð pÞ is a convex analytic function in p with LqðtÞð0Þ ¼

0 and L0
qðtÞð0Þ equal to the top Lyapunov exponent lqðtÞ: The non-trivial zero dqðtÞ of LqðtÞð pÞ; i.e.

LqðtÞðdqðtÞÞ ¼ 0; is called the stability index.
However, suppose the top Lyapunov exponent lqðtÞ is negative, implying that system (1) is

sample stable, the pth moment typically grows exponentially for large enough p; implying that the
pth moment of system (1) is unstable. This can be explained by large deviation. Although the
solution of the system jjqðtÞjj-0 as t-N with probability one at an exponential rate lqðtÞ; there is
a small probability that jjqðtÞjj is large, which makes the expected value E½jjqðtÞjjp� of this rare event
large for large enough values of p; leading to pth moment instability.
To have a complete picture of the dynamic stability of system (1), it is important to study both

the sample stability and the pth moment stability for all real values of p; and to determine both the
top Lyapunov exponent and the pth moment Lyapunov exponent.
A systematic study of moment Lyapunov exponents is presented in Ref. [1] for linear It #o

systems and in Ref. [2] for linear stochastic systems under real-noise excitations. The connection
between moment Lyapunov exponents and the large deviation theory was studied by Baxendale
[3], Arnold and Kliemann [4], and Baxendale and Stroock [5]. A systematic presentation of the
theory of random dynamical systems and a comprehensive list of references can be found in
Ref. [6].
Although the moment Lyapunov exponents are important in the study of dynamic stability of

stochastic systems, the actual evaluations of the moment Lyapunov exponents are very difficult.
Very few results on the moment Lyapunov exponents have been published. Using the analytic
property of the moment Lyapunov exponents, Arnold et al. [7] obtained expansions in terms of
e0p under both white and real-noise excitations. However, for system (1), moment instability
usually occurs for large values of p: This makes the results obtained by Arnold et al. [7]
inappropriate for determining the stability index. Khasminskii and Moshchuk [8] obtained an
asymptotic expansion of the moment Lyapunov exponent of system (1) under white-noise
parametric excitation in terms of the small fluctuation parameter e0; from which the stability index
was obtained.
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In a recent study, Xie [9] applied a procedure similar to that employed in Khasminskii and
Moshchuk [8] to obtain weak-noise expansions of the moment Lyapunov exponent, the Lyapunov
exponent, and the stability index of system (1) under real noise excitation in terms of the small
fluctuation parameter e0: The real-noise excitation ZðtÞ is characterized by an Ornstein–Uhlenbeck
process given by [11]

dZðtÞ ¼ �a0ZðtÞ dtþ s03dW ðtÞ;

where W ðtÞ is a standard Wiener process. It is well known that ZðtÞ is a normally distributed
random variable, which is not bounded and may take arbitrarily large values with small
probabilities, and hence may not be a realistic model of noise in many engineering applications.
In this paper, the noise ZðtÞ in system (1) is considered as a bounded noise given by

ZðtÞ ¼ cos ½n0tþ s0W ðtÞ þ y�; ð4Þ

in which y is a uniformly distributed random number in ð0; 2pÞ: The inclusion of the phase angle
y in Eq. (4) makes ZðtÞ a stationary process. The mean square stability, i.e., the pth moment
stability with p ¼ 2; of system (1) under the bounded noise excitation (4) was studied by
Dimentberg [10].
Eq. (4) may be written as

ZðtÞ ¼ cos ZðtÞ;

dZðtÞ ¼ n0 dtþ s03dW ðtÞ; ð5Þ

where the initial condition of ZðtÞ is Zð0Þ ¼ y: The correlation function of ZðtÞ is given by

E½Zðt1ÞZðt2Þ� ¼ Rðt1 � t2Þ ¼ 1
2
cos n0ðt1 � t2Þ exp �

s20
2
jt1 � t2j

� �
;

and the spectral density function of ZðtÞ is

SðoÞ ¼
Z þN

�N

RðtÞ eiot dt ¼
s20ðo

2 þ n20 þ
1
4
s40Þ

2½ðo� n0Þ
2 þ 1

4
s40�½ðoþ n0Þ

2 þ 1
4
s40�

:

It may be noted that the mean-square value of the bounded noise process ZðtÞ is fixed at E½Z2ðtÞ� ¼
1
2
: The spectral density function can be made to approximate the well-known Dryden and von
Karman spectra of wind turbulence by suitable choice of the parameters n0; s0; and e0: In the limit
as s0 approaches infinite, the bounded noise becomes a white noise of constant spectral density.
However, since the mean-square value is fixed at 1

2
; this constant spectral density level reduces to

zero in the limit. On the other hand, in the limit as s0 approaches zero, the bounded noise
becomes a deterministic sinusoidal function.
The bounded noise process (4) was first employed by Stratonovich [12] and has since been

applied in certain engineering applications by Dimentberg [13], Wedig [14], Lin and Cai [15], and
Ariaratnam [16].
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It is advantageous to remove the damping term in Eq. (1) by applying the transformation
qðtÞ ¼ xðtÞ e�bt to yield

d2xðtÞ
dt2

þ ½o2 � e0 cos ZðtÞ� xðtÞ ¼ 0;

dZðtÞ ¼ n0 dtþ s03dW ðtÞ; ð6Þ

where o2 ¼ o2
0 � b2:

Eq. (6) can be further simplified by employing the time scaling t ¼ ot to give

d2xðtÞ
dt2

þ ½1� e cos zðtÞ� xðtÞ ¼ 0;

dzðtÞ ¼ n dt þ s3dW ðtÞ; ð7Þ

where e ¼ e0=o2; n ¼ n0=o; s ¼ s0=
ffiffiffiffi
o

p
; and W ðtÞ is a standard Wiener process in time t:

From the definitions of the Lyapunov exponent (2) and the moment Lyapunov exponent (3), it
can be easily shown that the Lyapunov exponents and the moment Lyapunov exponents of
systems (1), (6), and (7) are related as follows:

lqðtÞ ¼ �bþ lxðtÞ ¼ �bþ olxðtÞ;

LqðtÞðpÞ ¼ �pbþ LxðtÞðpÞ ¼ �pbþ oLxðtÞðpÞ: ð8Þ

Without loss of generality, the moment Lyapunov exponent of system (7) is studied in the
remaining part of this paper.

2. Formulation

Considering the two-dimensional system (7) under bounded noise parametric excitation, the
generator of process zðtÞ is

G ¼
s2

2

@2

@z2
þ n

@

@z
: ð9Þ

Letting x1 ¼ x; x2 ¼ ’x; the two-dimensional system may be written in the form of a state
equation:

’x1

’x2

( )
¼ AðzÞ

x1

x2

( )
; AðzÞ ¼

0 1

�1þ e cos z 0

" #
: ð10Þ

Apply the Khasminskii transformation [17]

s1 ¼
x1

a
¼ cosj; s2 ¼

x2

a
¼ sinj; a ¼ jjxjj ¼ ðx2

1 þ x2
2Þ

1=2; ð11Þ

and denote s ¼ fs1; s2g
T ¼ fcosj; sin jgT: From the general theory of moment Lyapunov

exponents [2], it is well known that the moment Lyapunov exponent LxðtÞðpÞ of system (10) is the
principal simple eigenvalue of the infinitesimal operator LðpÞ

LðpÞTðz; sÞ ¼ LxðtÞðpÞTðz; sÞ; LðpÞ ¼ Lþ pQðz; sÞ; ð12Þ
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where

L ¼ G þ hT
@

@s
;

Qðz; sÞ ¼ sTAðzÞ s ¼ e cos z cosj sin j;

hðz; sÞ ¼ ðAðzÞ � Qðz; sÞIÞ s ¼
�e cos z cos2j sin jþ sin j

ð�1þ e cos zÞ cosj� e cos z cosj sin2j

( )
:

The generator G of the bounded noise zðtÞ is strongly elliptic, which is a required condition for the
validity of Eq. (12) and the uniqueness of its solution. Since

@

@s1
¼ �sin j

@

@j
;

@

@s2
¼ cosj

@

@j
;

one has

hT
@

@s
¼ h1

@

@s1
þ h2

@

@s2
¼ ð�1þ e cos z cos2jÞ

@

@j
;

and the infinitesimal operator LðpÞ is obtained as

LðpÞ ¼
s2

2

@2

@z2
þ n

@

@z
þ ð�1þ e cos z cos2jÞ

@

@j
þ ep cos z cosj sinj: ð13Þ

The infinitesimal operator LðpÞ of the eigenvalue problem (13) for the pth moment Lyapunov
exponent can also be derived using a more straightforward approach without resorting to the
general theory of moment Lyapunov exponents. This approach was first applied by Wedig [18] to
derive the eigenvalue problem for the moment Lyapunov exponents of a two-dimensional linear
It #o stochastic system.
Eqs. (7) may be considered as a three-dimensional system.

d

x1

x2

z

8><
>:

9>=
>; ¼

x2

ð�1þ e cos zÞx1

n

8><
>:

9>=
>; dt þ

0

0

s

8><
>:

9>=
>; dW :

Apply the Khasminskii transformation (11) and define a pth norm P ¼ ap: The It #o equations for P

and j can be obtained by It #o’s lemma:

dP ¼ e pP cos z cosj sin j dt; dj ¼ ð�1þ e cos z cos2 jÞ dt: ð14Þ

Applying a linear stochastic transformation,

S ¼ Tðz;jÞP; P ¼ T�1ðz;jÞS; �NozoN; 0pjop;

the It #o equation for the new pth norm process S is given by, from It #o’s lemma,

dS ¼ ½12 s
2Tzz þ nTz þ ð�1þ e cos z cos2jÞTj þ ep cos z cosj sin jT �P dt þ sTzP dW : ð15Þ

For bounded and non-singular transformation Tðz;jÞ; both processes P and S are expected to
have the same stability behaviour. Therefore, Tðz;jÞ is chosen so that the drift term of the It #o
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differential equation (15) is independent of the noise process zðtÞ and the phase process j so that

dS ¼ LS dt þ sTzT
�1S dW : ð16Þ

Comparing Eqs. (15) and (16), it is seen that such a transformation Tðz;jÞ is given by the
equation

1
2
s2Tzz þ nTz þ ð�1þ e cos z cos2jÞTj þ ep cos z cosj sin j T ¼ LT ;

� NozoN; 0pjop; ð17Þ

in which Tðz;jÞ is a periodic function in j of period p and is bounded when z-7N: Eq. (17)
defines an eigenvalue problem for a second order differential operator with L being the eigenvalue
and Tðz;jÞ the associated eigenfunction. From Eq. (16), the eigenvalue L is seen to be the
Lyapunov exponent of the pth moment of system (7), i.e., L ¼ LxðtÞðpÞ: It is obvious that the
differential operator in the eigenvalue problem (17) is the same as the infinitesimal operator LðpÞ
given by Eq. (13).
In the following section, for the case when s is not small so that the eigenvalue problem (12) is

not singular, the method of regular perturbation is applied to obtain a weak-noise expansion of
the moment Lyapunov exponent for system (7).

3. Weak-noise expansion of the moment Lyapunov exponent

For weak-noise excitation, i.e., small e; the infinitesimal operator LðpÞ can be written as

LðpÞ ¼ L0ðpÞ þ eL1ðpÞ; ð18Þ

where

L0ðpÞ ¼
s2

2

@2

@z2
þ n

@

@z
�

@

@j
; L1ðpÞ ¼ cos z cos2 j

@

@j
þ p cosj sin j

� �
:

Applying the method of regular perturbation, both the eigenvalue LxðtÞðpÞ and the eigenfunction
Tðz;jÞ; a periodic function in j of period p; are expanded in power series of e as

LxðtÞðpÞ ¼
XN
k¼0

ek LkðpÞ; Tðz;jÞ ¼
XN
k¼0

ekTkðz;jÞ; ð19Þ

in which Tiðz;jÞ; i ¼ 0; 1;y; are periodic functions in j of period p:
Substituting Eqs. (18) and (19) into the eigenvalue problem (12) and equating terms of equal

power of e yields the equations

zeroth order : L0T0 ¼ L0T0;

kth order : L0Tk þ L1Tk�1 ¼
Xk

m¼0

LmTk�m; k ¼ 1; 2;y : ð20Þ

W.-C. Xie / Journal of Sound and Vibration 263 (2003) 593–616598



3.1. Zeroth order perturbation

The equation for the zeroth order perturbation is

L0T0 ¼ L0T0 ð21Þ

or

s2

2

@2T0

@z2
þ n

@T0

@z
�

@T0

@j
� L0T0 ¼ 0:

Applying the method of separation of variables and letting T0ðz;jÞ ¼ Z0ðzÞF0ðjÞ results in

s2

2

.Z0

Z0
þ n

’Z0

Z0
� L0 ¼

F0
0

F0
¼ k:

Solving the equation for F0 yields F0ðjÞ ¼ A ekj: For F0ðjÞ to be a periodic function, it is
required that k ¼ 0 and hence F0ðjÞ can be chosen as 1.
The equation for Z0ðzÞ becomes

1
2
s2 .Z0 þ n ’Z0 � L0Z0 ¼ 0: ð22Þ

From the property of moment Lyapunov exponent, it is known that

LxðtÞð0Þ ¼ L0ð0Þ þ eL1ð0Þ þ?þ en Lnð0Þ þ? ¼ 0;

which results in L0ð0Þ ¼ 0: Since the eigenvalue problem (22) does not contain p; the eigenvalue
L0ðpÞ is independent of p: Hence, L0ð0Þ ¼ 0 leads to L0ðpÞ ¼ 0:
Eq. (22) can be easily solved to yield

Z0ðzÞ ¼ C0 þ C1 exp �
2n
s2

z
� �

; �NozoN:

For Z0ðzÞ to be bounded, it is required that C1 ¼ 0 and hence Z0ðzÞ can be taken as 1. Therefore,

L0ðpÞ ¼ 0; T0ðz;jÞ ¼ Z0ðzÞF0ðjÞ ¼ 1: ð23Þ

Since L0ðpÞ ¼ 0; the associated adjoint differential equation of Eq. (21) is

Ln

0Tn

0 ¼
s2

2

@2Tn
0

@z2
� n

@Tn
0

@z
þ
@Tn

0

@j
¼ 0: ð24Þ

Applying the method of separation of variables and letting Tn
0 ðz;jÞ ¼ Zn

0 ðzÞF
n
0ðjÞ leads to

s2

2

.Zn
0

Zn
0

� n
’Zn
0

Zn
0

¼ �
Fn

0

Fn
0

¼ k:

The equation for Fn
0 yields Fn

0ðjÞ ¼ B e�kj: For Fn
0ðjÞ to be a period function, k ¼ 0 and Fn

0ðjÞ
can be taken as

Fn

0ðjÞ ¼
1

p
; 0pjop; ð25Þ

which is the probability density function of a uniformly distributed random variable j between 0
and p:
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The equation for Zn
0 becomes

1
2
s2 .Zn

0 � n ’Zn

0 ¼ 0: ð26Þ

Eq. (26) can be easily solved to give

Zn

0 ðzÞ ¼ D0 þ D1 exp
2n
s2
z

� �
; �NozoN:

For Zn
0 ðzÞ to be bounded, it is required that D1 ¼ 0 and hence Zn

0 ðzÞ ¼ D0; a constant. Note that
zðtÞ ¼ nt þ sW ðtÞ þ y; which is a linear function nt with superimposed noise sW ðtÞ; and zðtÞ
appears as an angle of a sinusoidal function cos z; which is a periodic function of period 2p:
Hence, after folding, the angle zðtÞ may be considered as taking values between 0 and 2p: Zn

0 ðzÞ
may then be chosen as

Zn

0 ðzÞ ¼
1

2p
; 0pzo2p; ð27Þ

which is the probability density function of a uniformly distributed random variable between 0
and 2p:
Hence Tn

0 ðz;jÞ ¼ Zn
0 ðzÞF

n
0ðjÞ represents the joint stationary probability density function of the

independent random variables z and j; in which z is uniformly distributed between 0 and 2p and
j is uniformly distributed between 0 and p:

3.2. First order perturbation

The first order perturbation equation is

L0T1 ¼ L1T0 � L1T0: ð28Þ

Since the homogeneous equation L0T0 ¼ 0 has a non-trivial solution as given by Eq. (23), for
Eq. (28) to have a solution it is required that, from the Fredholm alternative,

ðL1T0 � L1T0;T
n

0 Þ ¼ 0; ð29Þ

where Tn
0 ðz;jÞ is the solution of the adjoint equation (24) as obtained in Section 3.1, and ðS1;S2Þ

denotes the inner product of functions S1ðz;jÞ and S2ðz;jÞ defined by

ðS1;S2Þ ¼
Z 2p

0

Z p

0

S1ðz;jÞS2ðz;jÞ dj dz:

From Eq. (29), the first order perturbation of the moment Lyapunov exponent is

L1 ¼ ðL1T0;T
n

0 Þ; ð30Þ

because ðT0;Tn
0 Þ ¼ 1:

It is easy to show that

L1T0 ¼ cos z cos2 j
@T0

@j
þ p cosj sin j T0

� �
¼ f

ð1Þ
cos; 1ðjÞ cos z;

where f
ð1Þ
cos; 1ðjÞ ¼ p cosj sin j: Hence, using Eqs. (25), (27), and (30) results in

L1 ¼ ðL1T0;T
n

0 Þ ¼ f
ð1Þ
cos; 1ðjÞE½cos z� ¼ 0; ð31Þ
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where

aðjÞ ¼
1

p

Z p

0

aðjÞ dj

denotes the expected value of the random variable aðjÞ; in which j is the uniformly distributed
random variable between 0 and p as defined in Eq. (25), and

E½bðzÞ� ¼
1

2p

Z 2p

0

bðzÞ dz

denotes the expected value of the random variable bðzÞ; in which z is the uniformly distributed
random variable between 0 and 2p as defined in Eq. (27).
Hence, Eq. (28) becomes

L0T1 ¼ g
ð1Þ
cos; 1ðjÞ cos z; ð32Þ

where g
ð1Þ
cos; 1ðjÞ ¼ �f

ð1Þ
cos; 1ðjÞ ¼ �p cosj sin j: Eq. (32) is of form (A.1) and the solution is given in

Appendix A by Eq. (A.16) as

T1ðz;jÞ ¼ G
ð1Þ
sin ;1ðjÞ sin zþ G

ð1Þ
cos; 1ðjÞ cos z; ð33Þ

where

G
ð1Þ
sin ;1ðjÞ ¼ �

Z s

0

g
ð1Þ
cos; 1ðc� rÞ s1ðr � sÞ dr;

¼ �
2pn½4ðn2 � 4þ 1

4
s4Þ sin 2j� 8n2 cos 2j�

16n4 þ ð8s4 � 128Þn2 þ s8 þ 32s4 þ 256
;

G
ð1Þ
cos; 1ðjÞ ¼

Z s

0

g
ð1Þ
cos; 1ðc� rÞ c1ðr � sÞ dr;

¼
p½4s2ðn2 þ 4þ 1

4
s4Þ sin 2jþ 16ðn2 � 4� 1

4
s4Þ cos 2j�

16n4 þ ð8s4 � 128Þn2 þ s8 þ 32s4 þ 256
;

in which s1ðr � sÞ and c1ðr � sÞ are as defined in Eq. (A.17) of Appendix A, and c� s ¼ j;
s-�N have been employed after integration.

3.3. Second order perturbation

The equation for the second order perturbation is

L0T2 ¼ L2T0 � L1T1: ð34Þ

From the Fredholm alternative, for Eq. (34) to have a solution it is required that

ðL2T0 � L1T1;T
n

0 Þ ¼ 0; ð35Þ

where

L1T1 ¼ cos z cos2 j
@T1

@j
þ p cosj sin j T1

� �
¼ f

ð2Þ
0 ðjÞ þ f

ð2Þ
sin; 2ðjÞ sin 2zþ f

ð2Þ
cos; 2ðjÞ cos 2z;

W.-C. Xie / Journal of Sound and Vibration 263 (2003) 593–616 601



f
ð2Þ
0 ðjÞ ¼ f

ð2Þ
cos; 2ðjÞ; and f

ð2Þ
sin; 2ðjÞ; f

ð2Þ
cos; 2ðjÞ are given by, with m ¼ 2;

f
ðmÞ

f
sin
cos

g;m
ðjÞ ¼ 1

2 cos2jG
ðm�1Þ

f
sin
cos

g;m�1

0
ðjÞ þ p cosj sin jG

ðm�1Þ

f
sin
cos

g;m�1
ðjÞ

" #
; ð36Þ

in which the prime denotes differentiation with respect to j: Hence, since E½sin 2z� ¼ E½cos 2z� ¼
0; from Eq. (35) one obtains

L2 ¼ ðL1T1;T
n

0 Þ ¼ f
ð2Þ
0 ðjÞ ¼

pðp þ 2Þ Sð2Þ
16

; ð37Þ

where

Sð2Þ ¼
s2ð4þ n2 þ 1

4
s4Þ

2½ð2þ nÞ2 þ 1
4
s4�½ð2� nÞ2 þ 1

4
s4�

is the spectral density function SðoÞ with o ¼ 2 of the bounded noise zðtÞ:
Eq. (34) becomes

L0T2 ¼ g
ð2Þ
0 ðjÞ þ g

ð2Þ
sin; 2ðjÞ sin 2zþ g

ð2Þ
cos; 2ðjÞ cos 2z; ð38Þ

where

g
ð2Þ
0 ðjÞ ¼ L2 � f

ð2Þ
0 ðjÞ; g

ð2Þ
sin; 2ðjÞ ¼ �f

ð2Þ
sin; 2ðjÞ; g

ð2Þ
cos; 2ðjÞ ¼ �f

ð2Þ
cos; 2ðjÞ:

From Appendix A, the solution of Eq. (38) given by Eqs. (A.15) and (A.16) is

T2ðz;jÞ ¼ G
ð2Þ
0 ðjÞ þ G

ð2Þ
sin; 2ðjÞ sin 2zþ G

ð2Þ
cos; 2ðjÞ cos 2z; ð39Þ

where G
ð2Þ
0 ðjÞ is given by, with m ¼ 2;

G
ðmÞ
0 ðjÞ ¼

Z s

0

g
ðmÞ
0 ðc� rÞ dr; ð40Þ

G
ð2Þ
sin; 2ðjÞ and G

ð2Þ
cos; 2ðjÞ are given by, with m ¼ j ¼ 2;

G
ðmÞ

f
sin
cos

g; j
ðjÞ ¼

Z s

0

g
ðmÞ
sin; jðc� rÞ

cjðr � sÞ

sjðr � sÞ

( )
þ g

ðmÞ
cos; jðc� rÞ

�sjðr � sÞ

cjðr � sÞ

( )" #
dr; ð41Þ

where sjðr � sÞ; cjðr � sÞ are as defined in Eqs. (A.17) of Appendix A, and c� s ¼ j and s-�N

are taken after integration.

3.4. Higher order perturbation

Based on the results obtained in Sections 3.1–3.3, the method of mathematical induction can be
applied to determine the moment Lyapunov exponents of higher order perturbations.
For the ð2nÞth order perturbation, n ¼ 1; 2;y; the perturbation equation is

L0T2n ¼
Xn

k¼1

L2kT2n�2k � L1T2n�1; ð42Þ
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because L0 ¼ L1 ¼ L3 ¼ ? ¼ L2n�1 ¼ 0: From the Fredholm alternative, for Eq. (43) to have a
solution, it is required that

Xn

k¼1

L2kðT2n�2k;T
n

0 Þ � ðL1T2n�1;T
n

0 Þ ¼ 0: ð43Þ

Since L1T2n�1 is of the form

L1T2n�1 ¼ f
ð2nÞ
0 ðjÞ þ

Xn

k¼1

½f ð2nÞ
sin; 2kðjÞsin 2kzþ f

ð2nÞ
cos; 2kðjÞcos 2kz�;

where

f
ð2nÞ
0 ðjÞ ¼ 1

2
½cos2jG

ð2n�1Þ
cos; 1

0
ðjÞ þ p cos j sin jG

ð2n�1Þ
cos; 1 ðjÞ�;

f
ð2nÞ
sin; 2nðjÞ and f

ð2nÞ
cos; 2nðjÞ are given by Eq. (36) with m ¼ 2n; f

ð2nÞ
sin; 2kðjÞ and f

ð2nÞ
cos; 2kðjÞ; for k ¼

1; 2;y; n � 1; are given by, with m ¼ 2n; j ¼ 2k;

f
ðmÞ

f
sin
cos

g;j
ðjÞ ¼ 1

2
cos2 j G

ðm�1Þ

f
sin
cos

g;j�1

0
ðjÞ þ G

ðm�1Þ

f
sin
cos

g;jþ1

0
ðjÞ

" #(

þp cos j sin j G
ðm�1Þ

f
sin
cos

g;j�1
ðjÞ þ G

ðm�1Þ

f
sin
cos

g;jþ1
ðjÞ

" #
;

)
ð44Þ

and

T2kðz;jÞ ¼ G
ð2kÞ
0 ðjÞ þ

Xk

m¼1

½Gð2kÞ
sin; 2mðjÞsin 2mzþ G

ð2kÞ
cos; 2mðjÞcos 2mz�:

Eq. (43) leads to

L2n ¼ðL1T2n�1;T
n

0 Þ �
Xn�1

k¼1

L2kðT2n�2k;T
n

0 Þ

¼ f
ð2nÞ
0 ðjÞ �

Xn�1

k¼1

L2k G
ð2n�2kÞ
0 ðjÞ: ð45Þ

Eq. (42) is then of the form

L0T2n ¼ g
ð2nÞ
0 ðjÞ þ

Xn

k¼1

½gð2nÞ
sin; 2kðjÞ sin 2kzþ g

ð2nÞ
cos; 2kðjÞ cos 2kz�; ð46Þ
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where

g
ð2nÞ
0 ðjÞ ¼

Xn

m¼1

L2m G
ð2n�2mÞ
0 ðjÞ � f

ð2nÞ
0 ðjÞ; G

ð0Þ
0 ðjÞ ¼ 1;

g
ð2nÞ

f
sin
cos

g;2k
ðjÞ ¼

Xn�k

m¼1

L2mG
ð2n�2mÞ

f
sin
cos

g;2k
ðjÞ � f

ð2nÞ

f
sin
cos

g;2k
ðjÞ; k ¼ 1; 2;y; n � 1;

g
ð2nÞ

f
sin
cos

g;2n
ðjÞ ¼ �f

ð2nÞ

f
sin
cos

g;2n
ðjÞ:

From Eqs. (A.15) and (A.16), the solution of Eq. (46) may be obtained as

T2nðz;jÞ ¼ G
ð2nÞ
0 ðjÞ þ

Xn

k¼1

½Gð2nÞ
sin; 2kðjÞ sin 2kzþ G

ð2nÞ
cos; 2kðjÞ cos 2kz�; ð47Þ

where G
ð2nÞ
0 ðjÞ is given by Eq. (40) with m ¼ 2n; and G

ð2nÞ
sin; 2kðjÞ; G

ð2nÞ
cos; 2kðjÞ; for k ¼ 1; 2;y; n; are

given by Eq. (41) with m ¼ 2n; j ¼ 2k:
For the ð2n þ 1Þth order perturbation, n ¼ 0; 1;y; the perturbation equation is

L0T2nþ1 ¼
Xn

k¼1

L2kT2n�2kþ1 þ L2nþ1T0 � L1T2n: ð48Þ

From the Fredholm alternative, for Eq. (48) to have a solution, it is required that

L2nþ1 ¼ ðL1T2n;T
n

0 Þ �
Xn

k¼1

L2kðT2n�2kþ1;T
n

0 Þ: ð49Þ

Since L1T2n is of the form

L1T2n ¼
Xn

k¼0

½ f
ð2nþ1Þ
sin; 2kþ1ðjÞsin ð2k þ 1Þzþ f

ð2nþ1Þ
cos; 2kþ1ðjÞcos ð2k þ 1Þz�;

where

f
ð2nþ1Þ
sin; 1 ðjÞ ¼ 1

2
½cos2jG

ð2nÞ
sin; 2ðjÞ þ p cosj sin j G

ð2nÞ
sin; 2ðjÞ�;

f
ð2nþ1Þ
cos; 1 ðjÞ ¼ cos2j½Gð2nÞ

0 ðjÞ þ 1
2

G
ð2nÞ
cos; 2ðjÞ� þ p cosj sin j½Gð2nÞ

0 ðjÞ þ 1
2

G
ð2nÞ
cos; 2ðjÞ�;

f
ð2nþ1Þ
sin; 2nþ1ðjÞ and f

ð2nþ1Þ
cos; 2nþ1ðjÞ are given by Eq. (36) with m ¼ 2n þ 1; f

ð2nþ1Þ
sin; 2kþ1ðjÞ and f

ð2nþ1Þ
cos; 2kþ1ðjÞ; for

k ¼ 1; 2;y; n � 1; are given by Eq. (44) with m ¼ 2n þ 1; j ¼ 2k þ 1; and

T2kþ1ðz;jÞ ¼
Xk

m¼1

½Gð2kÞ
sin; 2mþ1ðjÞ sin ð2m þ 1Þzþ G

ð2kÞ
cos; 2mþ1ðjÞ cos ð2m þ 1Þz�:

Eq. (49) leads to

L2nþ1 ¼ 0: ð50Þ

Eq. (48) is then of the form

L0T2nþ1 ¼
Xn

k¼0

½gð2nþ1Þ
sin; 2kþ1ðjÞ sin ð2k þ 1Þzþ g

ð2nþ1Þ
cos; 2kþ1ðjÞ cos ð2k þ 1Þz�; ð51Þ
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where

g
ð2nþ1Þ

f
sin
cos

g;2kþ1
ðjÞ ¼

Xn�k

m¼1

L2mG
ð2n�2mþ1Þ

f
sin
cos

g;2kþ1
ðjÞ � f

ð2nþ1Þ

f
sin
cos

g;2kþ1
ðjÞ; k ¼ 0; 1;y; n � 1;

g
ð2nþ1Þ

f
sin
cos

g;2nþ1
ðjÞ ¼ �f

ð2nþ1Þ

f
sin
cos

g;2nþ1
ðjÞ:

From Eqs. (A.15) and (A.16), the solution of Eq. (51) may be obtained as

T2nþ1ðz;jÞ ¼
Xn

k¼0

½Gð2nþ1Þ
sin; 2kþ1ðjÞ sin ð2k þ 1Þzþ G

ð2nþ1Þ
cos; 2kþ1ðjÞ cos ð2k þ 1Þz�; ð52Þ

where, for k ¼ 0; 1;y; n; G
ð2nþ1Þ
sin; 2kþ1ðjÞ and G

ð2nþ1Þ
cos; 2kþ1ðjÞ are given by Eq. (41) with m ¼ 2n þ 1; j ¼

2k þ 1:
The algebraic manipulation of higher order perturbations can be performed using a symbolic

computation software such as maple so that higher order approximations can be easily obtained.
Following this procedure, a weak-noise expansion of the moment Lyapunov exponent is obtained as

LxðtÞðpÞ ¼ e2 L2 þ e4 L4 þ Oðe6Þ; ð53Þ

where L2 is given by Eq. (37) and

L4 ¼ �
pðp þ 2Þs2½N ð4Þ

0 þ pðp þ 2ÞN ð4Þ
p �

Dð4Þ ; ð54Þ

in which the values of N
ð4Þ
0 ; N ð4Þ

p ; and Dð4Þ are given in Appendix B.
The Lyapunov exponent for system (7) can be obtained from Eq. (53) by using the property of

the moment Lyapunov exponent,

lxðtÞ ¼
dLxðtÞðpÞ

d p

����
p¼0

¼ e2l2 þ e4l4 þ Oðe6Þ; ð55Þ

where

l2 ¼
Sð2Þ
8

; l4 ¼ �
2s2N ð4Þ

0

Dð4Þ :

l2 is the same as the well-known result obtained using the standard stochastic averaging method
for a more general rapidly fluctuating noise, namely,

l2 ¼ 1
8
o2

0 Sð2o0Þ;

with o0 ¼ 1; where SðoÞ is the spectral density function of the noise process (see, e.g., Eq. (10.44)
of Ref. [12, p. 288]).

3.5. Stability index

As mentioned in the introduction, the stability index is the non-trivial zero of the moment
Lyapunov exponent. For system (7), the moment Lyapunov exponent is given by Eq. (53). It is
seen that p ¼ 0 and �2 are the two values that lead to LxðtÞðpÞ ¼ 0; and hence the stability index
dxðtÞ ¼ �2:
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For system (1) with parametric excitation (4), the moment Lyapunov exponent is

LqðtÞðpÞ ¼ �pbþ oLxðtÞðpÞ;

and the stability index dqðtÞ is given by the non-trivial zero of LqðtÞðpÞ; i.e.,

LxðtÞðdqðtÞÞ � e2 *bdqðtÞ ¼ 0; ð56Þ

where e2 *b ¼ b=o:
Expanding the stability index dqðtÞ in power series of e as

dqðtÞ ¼
XN
k¼0

ek dk; ð57Þ

substituting Eqs. (53) and (57) into Eq. (56), expanding and equating terms of equal power of e
yields the equations

e2: d0 � *bþ
ðd0 þ 2Þs2N ð2Þ

0

Dð2Þ

" #
¼ 0;

e3: d1 � *bþ
2ðd0 þ 1Þs2Nð2Þ

0

Dð2Þ

" #
¼ 0;

e4: � *bd2 þ
½2ðd0d2 þ 1Þ þ d21�s

2N
ð2Þ
0

Dð2Þ �
d0ðd0 þ 2Þs2½N ð4Þ

0 þ d0ðd0 þ 2ÞNð4Þ
p �

Dð4Þ ¼ 0;

^ ^ ð58Þ

These equations can be easily solved for di; i ¼ 0; 1;y; to result in

d0 ¼ � 2þ
*bDð2Þ

s2N ð2Þ
0

;

d1 ¼ 0;

d2 ¼ *b½Dð2Þ�2fs4½N ð2Þ
0 �2N ð4Þ

0 � 2 *bs2Dð2ÞN
ð2Þ
0 N ð4Þ

p þ *b2½Dð2Þ�2N ð4Þ
p g=fs6Dð4Þ½N ð2Þ

0 �4g; ð59Þ

where *b ¼ b=ðe2oÞ:

4. Numerical results and conclusions

In this paper, the moment Lyapunov exponents of a two-dimensional system under bounded
noise parametric excitation are studied. The method of regular perturbation is applied to obtain a
weak noise expansion of the moment Lyapunov exponent in terms of the small fluctuation
parameter. Weak noise expansions of the Lyapunov exponent and stability index are also obtained.
Typical results of the moment Lyapunov exponents LxðtÞðpÞ for system (7) given by Eq. (53) are

shown in Figs. 1 and 2 for n ¼ 1:0; 2.0, respectively, s ¼ 1:0; and various values of e: The moment
Lyapunov exponents LxðtÞðpÞ are shown in Figs. 3, 4, and 5 for s ¼ 0:3; 1.0, 2.0, respectively,
e ¼ 0:5; and various values of n:
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Fig. 2. Moment Lyapunov exponent: s ¼ 1:0; n ¼ 2:0:
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In the absence of noise perturbation, i.e., when s0 ¼ 0; the two-dimensional system (1) under
bounded noise parametric excitation (4) reduces to the Mathieu’s equation. It is well known that
parametric resonance occurs when n0=ð2o0Þ is in the vicinity of 1, 1

2
; 1
3
; 1
4
;?: For system (7), if the

noise fluctuation parameter s ¼ 0; the primary parametric resonance occurs in the vicinity of
n ¼ 2; while the secondary parametric resonance occurs in the vicinity of n ¼ 1: From Eq. (37), it
is seen that L2 is singular at n ¼ 2 when s ¼ 0:However, from Eq. (54), L4 is singular at n ¼ 2 and
1 when s ¼ 0: Hence the effect of the primary parametric resonance appears in the second order
perturbation results; whereas the effect of the secondary parametric resonance is noticeable only
in the fourth order perturbation. The effects of higher order parametric resonance can be
observed only in the higher order perturbation results.
When the noise fluctuation parameter s is not zero, the bounded noise is a sinusoidal function

with noise superimposed. The larger the value of s; the noisier the bounded noise cos zðtÞ;
resulting in a smaller effect of the parametric resonance. This is clearly seen by comparing Figs. 3,
4, and 5.
Typical results of the Lyapunov exponent lxðtÞ for system (7) given by Eq. (52) are shown in

Figs. 6 and 7 for s ¼ 0:3; 1:0; respectively, and various values of n and e: The effects of parametric
resonance when n is in the vicinity of 2 and 1 can be clearly seen.
Typical results of the stability index dqðtÞ given by Eqs. (57) and (59) are shown in Fig. 8 for

b ¼ 0:05; o0 ¼ 1:0; s0 ¼ 1:0; and various values of e0 and n0: The stability indices are shown in
Figs. 9 and 10 for s0 ¼ 1:0; 2:0; respectively, o0 ¼ 1:0; e0 ¼ 0:5; and various values of b and n0:
From the definition of the stability index, it is clear that the larger the value of the stability index,
the more stable the system is in the sense of moment stability. From Fig. 8, it is seen that the
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stability index decreases with the increase of the amplitude of excitation e0: As expected, it is seen
from Figs. 9 and 10 that the stability index increases with the increase of the damping parameter
b0: By comparing Figs. 9 and 10, it is also seen that the effect of parametric resonance diminishes
with the increase of the noise fluctuation parameter s0:
It should be noted that the application of the method of regular perturbation in determining the

moment Lyapunov exponent is based on the assumption that the noise fluctuation parameter s is
not small so that the infinitesimal operator LðpÞ is not singular. Hence, the results obtained in this
research cannot be used to deduce the results for the Mathieu’s equation by setting s to zero. In
the case of small noise fluctuation, i.e. s is small, a method of singular perturbation has to be
employed to determine the moment Lyapunov exponent, which will be studied in future research.
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Appendix A. Solution of L0Tðz;jÞ ¼ f ðzÞgðjÞ

Consider the partial differential equation L0Tðz;jÞ ¼ f ðzÞgðjÞ; or

s2

2

@2

@z2
þ n

@

@z
�

@

@j

� �
Tðz;jÞ ¼ f ðzÞgðjÞ: ðA:1Þ
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Introducing an auxiliary time t0 to Eq. (A.1) leads to

@

@t0
þ
s2

2

@2

@z2
þ n

@

@z
�

@

@j

� �
Tðz;j; t0Þ ¼ f ðzÞgðjÞ: ðA:2Þ

Applying the transformation c ¼ 1
2
ðt0 þ jÞ; s ¼ 1

2
ðt0 � jÞ; or t0 ¼ cþ s; j ¼ c� s; Eq. (A.2)

becomes

@

@s
þ

s2

2

@2

@z2
þ n

@

@z

� �
Tðz;c; sÞ ¼ f ðzÞgðc� sÞ: ðA:3Þ

Applying Duhamel’s principle [19], the solution Tðz;c; sÞ to Eq. (A.3) is given by

Tðz;c; sÞ ¼
Z s

0

V ðz;c; s; rÞ dr; ðA:4Þ

where V ðz;c; s; rÞ is the solution of the homogeneous equation

@

@s
þ

s2

2

@2

@z2
þ n

@

@z

� �
V ðz;c; s; rÞ ¼ 0 for s > r;

V ðz;c; r; rÞ ¼ f ðzÞgðc� rÞ for s ¼ r: ðA:5Þ

To solve Eq. (A.5), consider the equation

@

@s
þ

s2

2

@2

@z2
þ n

@

@z

� �
Pðs; z; t; zÞ ¼ 0; sot;

Pðt; z; t; zÞ ¼ lim
smt

Pðs; z; t; zÞ ¼ dðz � zÞ: ðA:6Þ

Eq. (A.6) is Kolmogorov’s backward equation for the transition probability function Pðs; z; t; zÞ;
which is the probability density function of random variable zðtÞ conditioned on zðsÞ; t > s:
Eq. (7) can be integrated to yield

zðtÞ ¼ zðsÞ þ nðt � sÞ þ s½W ðtÞ � W ðsÞ�; ðA:7Þ

which Eq. (A.7) implies that, given the initial condition zðsÞ; the random variable zðtÞ is normally
distributed with mean value mzðtÞ and variance s2zðtÞ given by

mzðtÞ ¼ zþ n ðt � sÞ; s2zðtÞ ¼ s2 ðt � sÞ: ðA:8Þ

Hence, the transition probability function is

Pðs; z; t; zÞ ¼
1ffiffiffiffiffiffi

2p
p

szðtÞ

exp �
½z � mzðtÞ�

2

2s2zðtÞ

( )
: ðA:9Þ

From Eqs. (A.5) and (A.6), the solution V ðz;c; s; rÞ to Eq. (A.5) is given by

V ðz;c; s; rÞ ¼ gðc� rÞ
Z

N

�N

f ðzÞPðs; z; r; zÞ dz; ðA:10Þ

where

E½f ðzðrÞÞ� ¼
Z

N

�N

f ðzÞPðs; z; r; zÞ dz;
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is the expected value of the random variable f ðzðrÞÞ with zðrÞ being the normally distributed
random variable as defined in Eqs. (A.8) and (A.9).
Combining Eqs. (A.4) and (A.10), the solution to Eq. (A.3) is given by

Tðz;c; sÞ ¼
Z s

0

gðc� rÞE½f ðzðrÞÞ� dr: ðA:11Þ

The solution Tðz;jÞ to Eq. (A.1) is obtained by replacing j ¼ c� s and passing the limit
s-�N:
For the special cases when f ðzÞ ¼ sin az or cos az; one has

E
sin azðrÞ

cos azðrÞ

( )" #
¼

1ffiffiffiffiffiffi
2p

p
szðrÞ

Z þN

N

sin az

cos az

( )
exp �

½z � mzðrÞ�
2

2s2zðrÞ

( )
dz

¼ exp ½�1
2
a2s2zðrÞ�

sin amzðrÞ

cos amzðrÞ

( )
; ðA:12Þ

in which the integral formulas

Z þN

�N

expð�q2x2Þ
sin ½pðx þ lÞ�

cos ½pðx þ lÞ�

( )
dx ¼

ffiffiffi
p

p
q

exp �
p2

4q2

� �
sin pl

cos pl

( )
;

as given in Eqs. (1) and (2) of Ref. [20] have been employed. Substituting Eq. (A.8) into (A.12)
results in

E
sin azðrÞ

cos azðrÞ

( )" #
¼ caðr � sÞ

sin az

cos az

( )
þ saðr � sÞ

cos az

�sin az

( )
; ðA:13Þ

in which the following notations are used

saðr � sÞ

caðr � sÞ

( )
¼ exp½�1

2
a2s2zðrÞ�

sin anðr � sÞ

cos anðr � sÞ

( )
: ðA:14Þ

Substituting Eqs. (A.13) into Eq. (A.11), one obtains the solution of Eq. (A.1) as, when f ðzÞ ¼
sin az;

Tðz;c; sÞ ¼ sin az
Z s

0

gðc� rÞcaðr � sÞ dr þ cos az
Z s

0

gðc� rÞsaðr � sÞ dr; ðA:15Þ

and, when f ðzÞ ¼ cos az;

Tðz;c; sÞ ¼ cos az
Z s

0

gðc� rÞcaðr � sÞ dr � sin az
Z s

0

gðc� rÞsaðr � sÞ dr: ðA:16Þ
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Appendix B. Values of N
ð4Þ
0 ; Nð4Þ

p ; and Dð4Þ

N
ð4Þ
0 ¼ 8f4096n18 þ 256ð103s4 � 656Þn16 þ 512ð133s8 � 1122s4 þ 4440Þn14 þ 32ð2819s12

� 20 480s8 þ 147 816s4 � 463 360Þn12 þ 16ð3971s16 � 13 216s12 þ 178 656s8

� 1 166 528s4 þ 3 211 264Þn10 þ ð20 443s20 þ 88 464s16 � 63 840s12 � 8 108 032s8

þ 38 510 592s4 � 89 653 248Þn8 � 4ð61s24 � 10 441s20 þ 95 508s16 þ 279 008s12

� 699 392s8 þ 15 458 304s4 � 11 272 192Þn6 � ð1982s28 þ 24 944s24 þ 53 391s20

� 3 583 616s16 � 25 366 016s12 � 73 089 024s8 � 136 904 704s4 � 79 691 776Þn4

� 2ðs4 þ 16Þ2ð242s24 þ 1478s20 þ 3135s16 þ 22 238s12 þ 130 496s8 þ 253 440s4

þ 196 608Þn2 � s4ðs4 þ 1Þðs4 þ 16Þ4ð37s8 þ 271s4 þ 384Þ½ðs2 þ 2Þ2 � 4s2�g;

N ð4Þ
p ¼ s4f�3840n16 � 5632ð3s4 þ 1Þn14 � 32ð903s8 þ 400s4 þ 4408Þn12 � 64ð363s12

� 1281s8 � 11 120s4 � 53 552Þn10 � ð7467s16 � 249 280s12 � 2 750 240s8

� 4 525 056s4 þ 15 237 120Þn8 þ 2ð426s20 þ 1 227 85s16 þ 1 622 656s12 þ 2 767 424s8

� 7 553 024s4 þ 12 369 920Þn6 þ ð1182s24 þ 102 522s20 þ 1 532 477s16 þ 3 306 112s12

� 13 751 808s8 � 4 587 520s4 � 18 808 832Þn4 þ 2ðs4 þ 16Þð138s24 þ 6871s20

þ 38 661s16 � 67 738s12 � 169 568s8 þ 115 200s4 þ 253 952Þn2

þ ðs4 þ 1Þ2ðs4 þ 16Þ3ð21s8 � 56s4 � 128Þ½ðs2 þ 2Þ2 � 4s2�g;

Dð4Þ ¼ 2 097 152ðn2 þ s4Þ½ðnþ 1Þ2 þ s4�½ðn� 1Þ2 þ s4�½ðnþ 2Þ2 þ s4�½ðn� 2Þ2 þ s4�

 ½ðnþ 2Þ2 þ 1
4
s4�3½ðn� 2Þ2 þ 1

4
s4�3:
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